We give a two parameter variational formula for the grand-canonical pressure of the Pair Boson Hamiltonian model. By using the Approximating Hamiltonian Method we provide a rigorous proof of this variational principle.
Introduction
The first version of the Pair Boson Hamiltonian (PBH) model was proposed by Zubarev and Tserkovnikov in 1958 [1] . Their intention was to generalize the Bogoliubov model of the Weakly Imperfect Bose Gas [2] by including more terms from the total interaction, without losing the possibility of having an exact solution. We refer the reader to [3] and to [4] for a more recent discussion of this question. The suggestion of Zubarev and Tserkovnikov [1] was to consider a truncated Hamiltonian which includes a diagonal term representing forward-scattering and exchange-scattering as well as a non-diagonal BCS-type interaction term. The model containing only the forwardscattering part of the interaction corresponds to the Mean-Field (or the Imperfect) Bose gas, see [4] and [5] for details. Using the same method as they had used earlier for the fermion BCS model [6] , the authors give in [1] a "solution" of the PBH model. Later this Hamiltonian became the subject of very intensive analysis [7] - [9] , leading essentially to the same conclusion as in [1] , namely, that the PBH has the same thermodynamic properties as a certain approximating Hamiltonian quadratic in the creation and annihilation operators. Using this Hamiltonian which can be diagonalized by the canonical Bogoliubov transformation, its thermodynamic properties were investigated and it was shown to have some intriguing properties. One of these is possibility of the occurrence of two kinds of condensation, the standard one-particle Bose-Einstein condensation as well as a BCS-type pair condensation which may appear in two stages, see e.g. [10] , [11] . Another one concerns the gap in the spectrum of "elementary excitations" [7] - [9] . In spite of fairly convincing arguments these papers did not prove rigorously that the above mentioned solution of the PBH model is exact. A mathematical treatment of the PBH model, related to representations of the Canonical Commutation Relations (CCR) appeared in [12] .
In the present paper we give a variational formula for the pressure for the PBH model and provide a rigorous derivation of the formula. The latter yields the same expression for the pressure as was obtained in [1] , the corresponding Euler-Lagrange equations coinciding with self-consistency equations studied in [1] and [7] - [12] . In an earlier paper [13] we conjectured that the pressure can be expressed as the supremum of a variational functional depending on two measures: a positive measure describing the particle density and a complex measure describing the pair density, similar to the Cooper pairs density in the BCS model. This confirmed the conclusion of [10] , [11] about the coexistence of one-particle and pair condensates. The study in [13] was inspired by the Large Deviation Principle (LDP) developed for the analysis of boson systems in [14] - [17] . This method gives rigorous results for the pressure in the case of models with diagonal (commutative) boson interactions. A similar technique was developed in [18] - [23] based on the work [22] , extending the LDP to noncommutative Mean-Field models (including the BCS one) with only bounded operators involved in Hamiltonians. Since neither of these methods apply to the PBH without extensive modifications, here we opted for the Approximating Hamiltonian Method (AHM) [24] , which has been already successfully applied to many models, including some interacting boson models (see for example [4] , [5] , [25] ).
There is renewed interest in the properties of the PBH interaction in the context of finite boson systems confined in a magneto-optic trap, see e.g. [26] - [28] . We do not discuss this aspect in the framework of our approach leaving it for future publications. Now we turn to the exact formulation of the PBH model in its simplest form, that is, with constant pair and mean-field boson couplings [13] .
Let Λ ⊂ R ν be a cube of volume V = |Λ| centered at the origin. Then the kinetic energy operator for a particle of mass m confined to the cubic box Λ, that is the operator −∆/2m with periodic boundary conditions, has eigenvalues ǫ(k) = k 2 /2m, k ∈ Λ * := {2πs/V 1/ν |s ∈ Z ν }. Consider a system of identical bosons of mass m enclosed in Λ. For k ∈ Λ * let a * k and a k be the usual boson creation and annihilation operators satisfying the CCR [a k , a * k ′ ] = δ k,k ′ and let N k := a * k a k be the k-mode particle number operator. The kinetic-energy operator T Λ for the Perfect Bose-gas, can be expressed in the form T Λ := k∈Λ * ǫ(k)N k . To introduce a pairing term in the Hamiltonian we shall need the operators
where the functionλ : R ν → C satisfies the following conditions:
there exists C < ∞ and δ > 0 such that
and
for all Λ ⊂ R ν . Then for constant couplings u, v the PBH is defined by
Remark 1.1 Let ϕ := argλ(0) and λ(k) :=λ(k)e −iϕ . Then λ(0) = 1 and we can write H Λ in the form
We shall assume that v > 0 and α := v − u > 0. The latter condition ensures the superstability of the model, see Theorem 2.1. Note that in the case u ≤ 0 (BCS repulsion), the second condition α > 0 is trivially satisfied. In [13] we have proved that the case u ≤ 0 gives the same thermodynamics as the Mean-Field (MF) Bose-gas:
Thus in deriving the variational formula we emphasize the case u > 0. We recall that this condition is necessary for nontrivial condensation of boson pairs, see e.g. [8] - [13] . We shall discuss the relation between these conditions and the thermodynamic properties of the model (1.8) in Section 5.
For the convenience of the reader we now state (without proof) the principal theorems and describe the the logical sequence used in proving the main result of this paper. We shall need the grand-canonical pressures for several approximating Hamiltonians. Recall that for an inverse temperature β and a chemical potential µ the the grand-canonical pressure for a system with Hamiltonian H Λ is
For simplicity in the sequel we shall omit the thermodynamic variables β and µ and we shall write, for example, p Λ for the grand-canonical pressure corresponding to the Hamiltonians
We shall denote the thermodynamic limit Λ ↑ R ν by the symbol ' lim
Consider the approximating Hamiltonian 13) where q ∈ C and ρ ∈ R + are variational parameters. The Hamiltonian H
Λ (q, ρ) can be diagonalized and the corresponding pressure p (2) Λ (q, ρ) can be calculated explicitly to give in the thermodynamic limit
where
Using (1.13) the Hamiltonian (1.8) can be written identically as
The main result of this paper states that if the variational parameters q and ρ are chosen in an "optimal" way, then the contribution to the pressure arising from the residual term H r Λ (q, ρ) vanishes in the thermodynamic limit.
Let us define the following function for q ≥ 0 and ρ ≥ 0 20) while with u ≤ 0 (BCS repulsion) it has the form
Note that to obtain the approximating Hamiltonian (1.13), the term −uQ
We shall prove Theorem 1.1 in two steps. Here we describe these steps for u > 0 and before the end of the section we indicate the modifications necessary for the case u ≤ 0.
The first step which we call the first approximation is to linearize the term −uQ * Λ Q Λ /2V in H Λ . For technical reasons we need to add to our Hamiltonians some source terms. Therefore, we define for ν, η ∈ C 22) and the first approximating Hamiltonian
From (1.22) and (1.23) we have
First we show (see Section 3) that with the right choice of the parameter q =q, the residual perturbation H r Λ (q) does not contribute to p Λ (ν, η), the pressure for the PBH (1.22) in the thermodynamic limit, i.e., the pressure corresponding to the Hamiltonian H Λ (ν, η) coincides with the limit of p 
(1.25)
In particular lim
where p Λ (η) := p Λ (0, η) and p 
We denote the pressure corresponding to the Hamiltonian (1.27) byp (2) Λ (q, ρ, η). Note that by (1.13) and (1.27) one has H (2)
where θ := arg q and ψ := arg η.
Our next theorem establishes a similar variational relation between the pressure p Λ (η) and p
Λ (q, ρ, η):
where for q ≥ 0 we put
Note that the difference between the statement in Theorem 1.1 and that in Theorem 1.3 (apart from the η dependence) is that the thermodynamic limit is taken after taking the infimum over ρ and the supremum over q. In the next theorem we show that the order of the thermodynamic limit and taking the infimum and supremum can be reversed:
where we put
cf. expression (1.29) .
In Lemma 4.5 we prove that p = lim η→0 p(η) so that Theorem 1.4 gives
Finally in Lemma 4.6 we prove that the order of the limit η → 0 and taking the infimum and supremum can be reversed to yield the main result Theorem 1.1 for the BCS attraction.
The important difference for the repulsive case, u < 0, is that instead of (1.24) we now have
Therefore the first approximation (Section 3) should be constructed in the same way as the second approximation (Section 4). The proof of the second part of Theorem 1.1, (1.21), for u ≤ 0 is given in Section 5 (f).
It is important to note that the variational formula conjectured in [13] has the same EulerLagrange equations as those given by Theorem 1.1. Thus the detailed study of these equations carried out in [13] applies to our result. In particular, this concerns the sequence of phase transitions in the PBH model (1.8) and the conditions for the coexistence of the generalized Bose condensation and the condensation of boson pairs, see also Section 5.
The paper is organized as follows. We start by proving in Section 2 that the PBH model (1.8) is superstable. In Sections 3 and 4 we shall assume that u > 0. Section 3 is devoted to establishing the first approximation giving the proof of Theorem 1.2. In Section 4 we turn to the second approximation giving the proof of Theorem 1.3 and the other results needed to obtain Theorem 1.1 for u > 0. Finally in Section 5 we discuss the variational problem as well as related open questions for all values of u and we finish the proof of Theorem 1.1 for u ≤ 0. Some commutator relations are given in Appendix A and in Appendix B we give a bound needed in our proofs.
Superstability
In this section we establish the superstability of the PBH model (1.8). When u ≤ 0 superstability is obvious. To prove it for u > 0 and α = v − u > 0, we shall need the following lemma which is used in several other places in the paper.
Lemma 2.1 The following inequality is satisfied
Proof: The inequalities
By (1.1) we also have
Then by (2.2) and (2.3) one gets
Using the inequality
we get
Thus (2.1) follows by (1.9) and (1.4).
We now use the inequality (2.1) in Lemma 2.1 to prove superstability of the model (1.8).
Theorem 2.1 The Hamiltonian (1.8) is superstable:
where R := Mu/2 and M is defined by (1.4) .
Proof: From Lemma 2.1
Since we are assuming that α > 0, the estimate (2.8) implies superstability, see [29] .
In the next two sections we develop the proofs for the variational formula for the pressure.
Recall that the auxiliary Hamiltonians H Λ (ν, η) and H
Λ (q, ν, η) are source dependent with ν, η ∈ C, see (1.22) and (1.23). Since later we shall let ν and η tend to zero, we can assume that |ν| ≤ 1 and |η| ≤ 1. Because we are making the assumption on PBH (1.8) that u > 0, it follows from (1.24) that H r Λ (q) ≤ 0.
Let ν ∈ C and φ := arg(ν * λ(k)). Then from
Therefore, by Theorem 2.1 one gets for |ν| ≤ 1 and |η| ≤ 1, the estimate:
Proof of Theorem 1.2 :
For simplicity we shall prove this theorem for ν = 0. The proof for a general ν follows through verbatim by translation for ν = 0. Clearly since H r Λ ≤ 0, it follows from (3.3) that for any q we have for the pressure of the PBH (1.22) the estimate from below:
Also for any q one obviously has the estimate from above:
and, therefore, we get
We shall prove in Lemma 3.1 that, if 
Next, with a particular choice of ν Λ that tends to zero as Λ ↑ R ν , we shall show also that lim sup
This last result (which is proved in Lemma 3.2) is much harder and requires the arguments developed in [24] . Putting these together we get
that proves Theorem 1.2 .
We now prove the two lemmas quoted earlier.
and lim sup
Λ (q, η)) = 0 (3.10)
Proof: Writing ν = x + iy, using the convexity of the pressure and (3.1) we get
by (1.4) and Lemma B.1. Therefore if ν Λ → 0 as Λ ↑ R ν , we get (3.9):
Similarly one gets 
that implies (3.10).
Lemma 3.2 There exists a sequence {ν Λ } Λ that tends to 0 as Λ ↑ R ν , such that
Proof: Using the Bogoliubov convexity inequality [24] :
and (1.24) we get the estimate
(3.17)
We want to obtain an estimate for ∆ Λ (ν, η) in terms of ν and V . 18) where (· , ·) H denotes the Bogoliubov-Duhamel inner product with respect to the Hamiltonian H, see for example [24] or [25] . Using the Ginibre inequality (e.g. (2.10) in [25] ) we get
We shall show in Appendix A that there is a real number C such that
From the definition of the Bogoliubov-Duhamel inner product we have
Here we consider the pressure p Λ (ν, η) as a function of two real variables, x = Re ν and y = Im ν. Since u > 0, then following the Approximating Hamiltonian Method for attractive interactions [24] we consider the integral
With ν + := δ + iy and ν − := −δ + iy, this integral is equal to
Then by (3.1) one gets
,
Since by (3.2) and Lemma B.1, the expectation
is bounded uniformly in ν and in V , we obtain the estimate
Similarly one gets the estimate
These give
Since the integrand is continuous, by the integral mean-value theorem there exists a sequence {ν Λ } Λ with |ν Λ | ≤ δ such that
The last equation and inequality (3.20) imply that
, which together with (3.19) give the estimate
By (3.17) this completes the proof of the lemma.
This proves the first approximation. In the next section we deal with the second one.
The Second Approximation
Note that from definitions (1.23) and (1.27) of the first and the second approximating Hamiltonians, H
Λ (q, ν, η) and H
Λ (q, ρ, η), respectively, it follows that
Later in this section we shall show (see Lemma 4.1 and Remark 4.1) that
In Lemma 4.2 we prove that for each q ≥ 0 there is a unique density ρ =ρ Λ (q, η) > 0, such that p
We can also show (Lemma 4.3) that there is at least one q =q Λ (η) > 0, such that
For the sake of simplicity below we shall omit the variable η, and we put
Finally, we shall show in Lemma 4.4 that if η = 0, then
We start by proving Theorem 1.3, assuming the results of Lemmas 4.1 -4.4, which we prove later.
Proof of Theorem 1.3 :
We have to prove the limit (1.28) i.e. that
First, by (4.1) and (4.2) we have for all values of the variational parameters q, ρ and the source parameter η that
Λ (|q|, ρ, η) .
Therefore, p
(1)
and thus by definition (1.29) we obtain
This estimate implies that
On the other hand for all η we obviously have
Λ (q Λ e i(π+2ψ) , η) .
Now the limit (4.5) and the estimate (4.8) imply that lim
Taking into account (4.7) and (4.9) we get
Combining this result with Theorem 1.2 we get (4.6), i.e. the proof of Theorem 1.3.
Now we return to proof of the lemmas quoted earlier.
Lemma 4.1 Let the functions f and h and the spectral function E(k,q,ρ) be as defined in (1.16) and (1.15) respectively. (i) If
where θ = arg q and ψ = arg η .
Λ (q, ρ, η) is infinite.
Proof: (i) By (1.16) and (1.27) we can write H (2)
Let qλ
where θ = arg q = θ(0).
is well-defined and positive, see (1.15) . Let
Then the canonical Bogoliubov transformation:
where α * k and α k , k ∈ Λ * , are boson creation and annihilation operators and
We note that
From the diagonal form of H (2)
Λ (q, ρ, η) − µN Λ in (4.13) we get the pressure (4.10). (ii) Now let f (0, ρ) < u|q|. Then the quadratic Hamiltonian (4.11) is not bounded from below. This means that the trace in (1.12) is divergent and therefore the pressurep .11) is not positive. This again implies that the trace in expression (1.12) diverges.
Remark 4.1 From the explicit formula (4.10) it follows that
Λ (|q|, ρ, η) . Recall that by (1.29) and (4.10) one gets for q ≥ 0
(4.14)
Lemma 4.2 Let η = 0. Then there are numbers 0 <ρ 1 (q,η) <ρ 2 (q,η) < ∞, such that the infimum of p (2) Λ (q, ρ, η) over ρ is attained in the interval (ρ 1 (q,η),ρ 2 (q,η)) and ifρ Λ (q) is a value of ρ at which the infimum is attained, then ∂p
where s ± := max(0, ±s) for s ∈ R.
Proof: By (4.14) we have
From (4.15) we get ∂p
Let x := vρ − (µ + uq) + . Using the identity µ + uq = (µ + uq) + − (µ + uq) − we obtain
As x → 0, the right-hand side of the last inequality becomes negative. Therefore, there exists δ(q,η) > 0 such that the infimum of p (2) Λ (q, ρ, η) over ρ cannot be achieved if vρ−(µ + uq) + < δ(q,η), i.e. ρ <ρ 1 (q,η) := ((µ + uq) + + δ(q,η))/v.
It is clear that if 0 < q 0 < ∞, then inf q≤q 0 δ(q,η) > 0.
Suppose now that ρ >ρ 1 (q,η) and take vρ > max(2µ, 2q + 2). Then for k ∈ Λ * one has E(k,q,ρ) > max(ǫ(k), 1). Therefore, using
we obtain the estimate
Making use of (1.4), this implies that there exists a volume V 0 independent of q and ρ, and 1 (q,η),ρ 2 (q,η) ). Ifρ Λ (q) is a value of ρ at which the infimum is attained, then ∂p
Let 0 < q 0 < ∞. Then one can see that sup q≤q 0 K(q,η) < ∞, and therefore we get sup q≤q 0ρ 2 (q,η) < ∞.
Lemma 4.3 Let η = 0. Then there is q 0 (η) < ∞ such that the supremum of p
Λ (q,ρ Λ (q), η) with respect to q is attained in the interval (0, q 0 (η)) for all Λ and ifq Λ is a maximizer of p (2) Λ (q,ρ Λ (q), η), then dp
By Lemma 4.2 we have dp
Λ (q,ρ Λ (q), η)/∂ρ = 0. Therefore, we can also write dp
Insertion of (4.15) and (4.17) into the identity (4.18) gives dp
) and α > 0, by (4.19) we get the estimate dp
Now we have
Therefore, by (1.3), (1.4) and (4.20), (4.21) we obtain dp (2)
. Then the inequality (4.22) gives dp
Therefore, there exists c 0 (η) such that if q ≥ 1 and σ Λ (q) < c 0 (η), then dp
for all Λ. Thus for all Λ the supremum of p
Λ (q,ρ Λ (q), η) over q cannot be attained in the domain defined by the condition σ Λ (q) < c 0 (η). Now assume that q ≥ 1 and σ Λ (q) ≥ c 0 (η). Then, using again (4.21), we obtain from (4.17) the estimate
Since the right-hand side of (4.24) becomes negative for large q, there is q 0 (η) < ∞ such that the supremum of p
Λ (q,ρ Λ (q), η) with respect to q is attained in q < q 0 (η) for all Λ. Note that from (4.17) we see that ifq Λ is a maximizer of p (2) Λ (q,ρ Λ (q), η), thenq Λ = 0, and therefore combining this with the last statement we can deduce that dp
Puttingc 0 (η) = c 0 (η)/{max(1, q 0 (η))} 1/3 finishes the proof.
Proof: By Bogoliubov's inequality (3.16) one gets
We want to obtain an estimate for∆ Λ (η) in terms of V . To this end we introducẽ
and calculate the derivatives
From (4.32), using e x /(e x − 1) ≤ 2(1 + 1/x) for x ≥ 0 and f
The second sum in (4.33) is bounded from above by
and the first sum (using By Lemma 4.3 we have ∂p
Then from (4.31) one gets that
, and therefore by (4.29)
It then follows from (4.34) that
Now Ginibre's inequality for (4.28) and (4.29), cf. Section 3, gives
Λ (q,ρ,η)
.
By differentiating the pressure we find that
so that if we defineq := |q|e i(π+2ψ) , then we get
An explicit calculation gives
and so
From (4.35), (4.36) and the last estimate we then see that
completing the proof.
Now we prove that the order of the thermodynamic limit and taking the infimum and supremum in (4.26) can be reversed.
We now show that the zero-mode η-source term can be switched off.
Lemma 4.5 Thermodynamic limit of the pressure is equal to
Proof: By Bogoliubov's convexity inequality (3.16) one gets
From Lemma B.1 and (3.2) we see that for |η| ≤ 1,
where K 1 is independent of η. Thus the right-hand side of (4.45) tends to zero as η tends to zero.
Finally we prove that the order of the limit η → 0 and taking the infimum and supremum in (4.41) can be reversed. (1.14) .
Proof: Letρ η (q) be such that
andq η be such that sup
By arguments similar to the above (see proof of Theorem 1.4) we can show that these exist and that (q η ,ρ η (q η )) ∈ G 0 . We shall need the following derivative of (4.43):
Moreover, in the same way as in (4.17), (4.19) we also obtain: dp
and for any number t dp (2) As in (4.24), from (4.48) we get the estimate dp Therefore, if f (0,ρ η (q η )) − uq η ≥ 1, then by the definition ofq η and by (4.50) we obtain 0 = dp (2) dq (q η ,ρ η (q η ), η) ≤ K 1 (1 +q 1/2 η ) (f (0,ρ η (q η )) − uq η ) 1/2 − uq η .
Since the right-hand side of the last inequality must be non-negative, then
Similarly, if f (0,ρ η (q η )) − uq η ≤ 1, then dp (2) dq (q η ,ρ η (q η ), η) ≤ K 2 (1 +q
The right-hand side of the last inequality must be positive and thus f (0,ρ η (q η )) − uq η ≤ K Thus the only way that (q η ,ρ η (q η )) can escape to infinity as η → 0 is, if eitherρ η (q η ) → ∞ andq η → 0, or ifρ η (q η ) → ∞,q η → ∞ and f (0,ρ η (q η )) − uq η → 0. Now, if ρ → ∞ and q → 0, the right-hand side of (4.47) tends to +∞. Therefore the caseρ η (q η ) → ∞ and q η → 0, is not possible.
Suppose now thatρ η (q η ) → ∞,q η → ∞ and f (0,ρ η (q η )) − uq η → 0. From (4.49) with t = u/v we get 0 = dp (2) dq (q η ,ρ η (q η ), η) < λ u 2 + uρ η (q η )) − uq η = λ u 2 + u v (f (0,ρ η (q η )) − uq η + µ − αq η ) .
This contradicts our supposition and thereforeρ η (q η ) andq η must remain finite.
As in (4.22) and (4.23), from (4.49) with t = 1, we get 0 = dp for some number C.
